The indirect transactions between sectors of an economic system has been a long-standing open problem. There have been numerous attempts to define and mathematically formulate this concept in various other scientific fields in literature as well. The existing indirect effects formulations, however, cannot quantify the indirect interactions and transactions between any two sectors of an economic system. Therefore, although the direct and total requirement matrices are formulated and used for economic system analysis, the indirect requirements matrices has never been formulated before. Based on the system decomposition theory, the indirect transactions between two sectors of an economic system and the corresponding indirect requirements matrices are introduced in the present article for the first time. This novel concept of the indirect transactions is also compared with some existing indirect effect formulations, and the theoretical advancements brought by the proposed methodology are discussed. It is shown theoretically and through illustrative examples that the proposed indirect transactions accurately describe and quantify the indirect interactions and transactions, unlike the current indirect effects formulations. The indirect requirements matrices for the US economy using aggregated input-output tables for multiple years are also presented and briefly analyzed.
INTRODUCTION
Modeling interactions among industries and their interconnectedness goes back to the concept of the "circular flow" in an economy [16] . This idea is related to Petty's concept of the interdependence of industries. Franois Quesnay created the TableauÉconomique (economic table) in which he depicted the idea of the economy as a circular flow of income and output among economic sectors. The table is known for its diagrammatic representation of how transactions can systematically be traced through an economic system [14, 20] . Achille-Nicholas Isnard is known to be the first person to represent the circular flow of income and expenditure as an algebraic system of equations [9, 15] .
The TableauÉconomique is considered the first method for the explicit conception of the nature of economic equilibrium. It is also hailed as a forerunner of general equilibrium theory pioneered by Léon Walras [23, 14, 20] . Walras used production coefficients that compared the required resources for a product and its total production [15] . Leontief's empirical economic studies were based on Quesnay's table and Walras's formulations of general equilibrium, although his conclusion was that an economy is never in equilibrium. He made the circular flow transactions into a table which then led to the founding of the analytical tool called the input-output model [12] . The input-output analysis as we know today with contributions of many other economists analyzes intersectoral interactions in multisectoral economic systems.
The analysis of direct transactions is relatively straightforward even in the complex economic systems. The indirect transactions, however, is a complicated concept and long-standing open problem that has derived attention in many scientific fields. In the context of economic systems, the estimation of the direct and indirect effects that the changes in final uses will have on industry output is a critical information for policy analysis and business planning. The determination of the effects that petroleum shortages, for example, would have directly and indirectly on production in various industries and commuting patterns is of paramount importance.
There have been numerous definitions and corresponding mathematical formulations of the concept of the indirect effects in the literature for about a century since the development of input-output model, but none of them seem to be accurately describing the indirect relationships [8, 15, 17, 18, 2, 10, 13, 1, 22, 11] . The current indirect effects formulations for an economic system represent the sum of the subsequent gross outputs of goods and services at each step of a production chain to supply the final demands, generally after the first gross outputs from each sector in the system. It is generally accepted that the input-output economics derive its significance largely from the fact that the total requirements coefficients measuring the combined effects of the direct and indirect repercussions of a change in final demand can easily be determined [19] . These existing formulations, however, cannot quantify the indirect interactions and transactions between any two sectors.
A mathematical theory, known as the system decomposition theory, and associated methods for the analysis of dynamic nonlinear compartmental systems in the context of ecology was recently introduced by [3, 5, 4] . The static version of this theory has also been developed recently [6, 7] . This theory enables tracking the evolution of initial stocks, external inputs, and arbitrary intercompartmental flows of currency, goods, and services, as well as the associated storages derived from these stocks, inputs, and flows individually and separately within the system. The transient and the direct, indirect, cycling, acyclic, and total transfer of commodities along any given production chain or from one sector to another-along all possible paths-are also systematically formulated [3, 5, 6] . In this article, we use these indirect distributions and flows concepts developed through the system decomposition theory for ecosystem analysis to formulate the indirect requirements and transactions in the context of multi-sector economic systems.
Considering a hypothetical multi-sectoral economics system, if the final demand for cars is cut in half, the implications for not only directly the output of cars but indirectly for the outputs of all other industries can also be determined through the input-output analysis. That is, the alteration of the amount of steel to make the cars, coal to produce the steel, energy to extract the coal, and so on, can readily be calculated, based on the change in the demand for cars. When this production chain cycles back to steel at any later step or round of production again, however, the current methodologies consider the amount of steel used to make cars at that step as an indirect transaction between the steel and automotive industries. Fundamentally different from this classification, the system decomposition theory defines and formulates the immediate, pairwise transactions between the steel and automotive industries as direct transactions regardless of the step number in their interactions in a cycling production chain. A car purchase from the automotive industry, in this context, includes both direct transactions from the automotive industry and the indirect transactions from the other industries in its production chain.
More technically, the indirect effects are considered to be transactions carried by subsequent steps after the first entrance of goods and services into a sector in the current formulations. Therefore, even the immediate transactions between two sectors after the first step are considered as indirect in these procedures. The current formulations are, therefore, microscopic quantities and cannot quantify indirect interactions accurately [6] . However, the indirect transactions proposed by the system decomposition theory are measurable physical quantities. Moreover, the current indirect effects are formulated without actually defining the indirect transactions between any two sectors in an economic system. The system decomposition theory, however, defines and explicitly formulates the direct and indirect transactions between any two sectors in the system. The direct transactions are defined as immediate pairwise transactions between two sectors in the system. The indirect transactions are then defined as the total flows of goods and services from a sector indirectly through other sectors to any other.
The United Nations and many governments of industrialized countries including the United States are currently using input-output analysis to measure and analyze their national economic systems. Since the current indirect effects formulations are not an effective and appropriate tool to measure the indirect transactions between any two sectors of the system, although there have been direct and total requirement matrices for economic system analysis, the indirect requirements matrix has never been formulated before. The indirect transactions between any two sectors of an economic system as well as the corresponding indirect requirements matrix are introduced in the article for the first time in the literature.
The case studies at the end of the manuscript demonstrate that the proposed indirect requirements and transactions concepts capture the indirect interactions between sectors of economic systems accurately, unlike the current indirect effect formulations. These novel concepts are also applied to the aggregated US inputoutput data for several years. The numerical results and their graphical representations for these real data sets are also presented and briefly analyzed in the case studies.
Schematic representation for the different definitions of the indirect transactions and effects. The numbers represent the step numbers or order in the geometric series expansion of the total requirements matrix, L = I + A + A 2 + · · ·+ A n + · · · . In the current formulations, the flow segments labeled with the power, n = 1, of the first order term, A f , in both colors are generally considered as the direct effects, and with the powers of all higher orders terms, A n f , n > 1, as the indirect effects. In the context of the system decomposition theory, however, all z ik represent the direct transactions from sector i to k. In particular, both the blue-shaded flow segments labeled with 1 and 4 (cycling flow at S 3 ) within z 43 represent direct transactions from S 4 to S 3 . In this context, a flow segment initiated at a sector and transmitted through other sectors to another is then defined as the indirect transaction. The red-shaded flow segments labeled with 2, 3, and 4 within z 24 , z 43 , and z 32 , for example, are the portions of the indirect transactions from S 1 to S 4 , S 1 to S 3 , and S 1 to S 2 , respectively.
METHODS
In this section, the fundamental relationships of input-output economics are summarized. Various existing indirect effects formulations in the literature are presented. The novel indirect transactions and requirements concepts are introduced through the system decomposition theory. The differences between the current indirect effects formulations and the proposed indirect transactions are compared theoretically. The potential uses of the proposed indirect requirements and transactions are discussed at the end of the section. The practical comparison of the current formulations and the proposed concepts are also presented through illustrative case studies in the next section.
The standard mathematical representation of the flow regime of a multi-sectoral economic system is
where x is the vector of the gross outputs, f is the vector of the final demands, Z is the transactions matrix representing the flows of goods and services among the sectors, and 1 is the vector whose entries are all one. Letx be the diagonal matrix whose diagonal elements are the corresponding elements of vector x, andL be the diagonal matrix whose diagonal elements are the diagonal elements of matrix L. The direct requirements or technical coefficient matrix is then defined as [15] . The direct requirements matrix shows the amount of inputs from industries in each row, an industry in a column needs in order to produce one dollar of its output. This matrix is called the direct distribution matrix in the context of the system decomposition theory [6] . The total flow distribution or requirements matrix can be formulated based on the direct requirements matrix as follows:
The derivation of L is detailed in [6, 15] . The relationship between the total gross output vector and the final demand vector f can be expressed as
The terms in the geometric series expansion of L defines step-by-step effects:
The final demands, f = I f , generate a need for inputs from the productive sectors. These inputs are satisfied by the outputs of the first step that is represented by the direct requirements matrix A; A f . These outputs themselves, however, generate a need for additional inputs for the functioning of the economic system. The additional inputs are satisfied by the outputs of the second step that is represented by the second order term of L f ; A 2 f , and so on. The steps are ordered by the power of the direct requirements matrix, n. It is worth noting that, for static systems, all these steps are considered to be taking place simultaneously. There are several indirect effects formulations proposed in the literature [18] . Some of the corresponding indirect requirements matrices are listed below:
The right-multiplication of these indirect requirements matrices by f yields the corresponding indirect effects, E i f , i = 1, . . . , 4. They represent the way in which final demands are transmitted as gross outputs through the productive sectors of the economic system, generally after the first transactions.
The first indirect effect formulation, E 1 f , represents the impact of the total effects, direct and indirect, less that of the final demands, f [18, 2] . This formulation excludes only the external outputs, and all intersectoral transactions are counted as indirect. The second indirect effects formulation, E 2 f , removes the impact of the direct effects, A f [15, 18, 17, 10, 22] . This formulation is used by the US Department of Commerce and a variation of it by UK input-output analysts [18, 17, 10, 22 ]. Yet, the third formulation, E 3 , removes the impacts of both the final demands and the direct effects simultaneously [18, 1] . This indirect effects formulation is widely used also in ecological network analyses [8] .
The last indirect effects formulation, E 4 f , is reported by [18] referring to [11] . This formulation seems to be an attempt for removing the final demands and the cycling effects from the total effects (see Fig. 1 ). The cycling effects, however, cannot be determined by only the diagonal entries of L. This is because of the fact that each element of matrix L represents the total effects of one sector directly or indirectly on another. Since the cycling effects are a special case of the indirect effects-effects of a sector through other sectors reflexively back on itself-the cycling effects are included also in the off-diagonal entries of the total requirements matrix, L. A detailed derivation of the cycling flows through the system decomposition theory is introduced recently by [6].
Unlike the current methodologies, the system decomposition theory explicitly formulates indirect transactions between any two sectors in the system. The indirect transactions from sector k to i is defined as the total intersectoral flows of goods and services from sector k indirectly through other sectors to sector i. The direct transactions from sector k to i in this context are defined as the immediate, pairwise transactions from sector k to i, regardless of the evolution of goods and services within the system-that is, whether the goods and services are cycling at sector k and entering sector i multiple times through k (see Fig. 1 ).
The indirect requirements and indirect transaction matrices, Q and T i , can accordingly be expressed as 
This modification allows for the impact analysis of the alterations in final demands on economic systems, as discussed further below. The kth column of Q can economically be interpreted as the goods and services required for industry k indirectly from each sectors in the rows to produce a dollar's worth of its product. Graph theoretically, the sign of an indirect requirement or transaction shows the existence of an indirect path between the corresponding two sectors in the system. That is, if the (k, i)−element of T i is positive, τ i ki > 0, then there is a production chain from sector k indirectly to i. It is also worth emphasizing that the diagonal elements of indirect transactions matrix, T i , are representing the cycling transactions from the corresponding sectors back into themselves indirectly through other sectors.
The total throughflow matrix, T , is also defined as follows
in the context of the system decomposition theory [6] . The total indirect gross outputs vector, x i , can be expressed as follows:
similar to the relationship between x and T in Eq. 2.8.
Although unrealistic, assuming that the distribution matrices are constant while the final demands are changing, the impact of a change in the final demand on the processing sectors can be approximated. This approach is sometimes called the impact analysis. The linearity of the relationships between T , x and f , as well as T i , x i and f given in Eqs. 2.8 and 2.9 imply that
In other words, a change in the final demands, ∆ f , enforces the corresponding changes in the total and indirect transactions, ∆T and ∆T i , as well as the total gross outputs and total indirect gross outputs, ∆x and ∆x i .
RESULTS
A hypothetical economics system is analyzed for illustrative purposes in this section to clarify the differences between the proposed indirect transactions and the existing indirect effect formulations. In the second case study, the US input-output data aggregated to seven sectors are analyzed for 15 years. Since the main focus of the present manuscript is to introduce the novel concept of the indirect transactions and requirements, the results are briefly interpreted to mainly demonstrate their validity and effectiveness.
3.1. Case study. In this case study, a simple hypothetical model is analyzed to illustrate the novel concept of indirect transactions proposed in the present manuscript and its difference from the indirect effects formulations in the input-output economics literature. The results demonstrate that the proposed concept accurately captures indirect relationships and transactions between sectors.
Let the sectors of a three-sector economic system model be agriculture (sector 1), manufacturing (sector 2), and services (sector 3). Let also the technical coefficient matrix be given as Using "from row to column" convention, this indicates that the production of a dollars worth of goods in the agriculture sector requires a direct input of $0.30 from The direct transactions between the sectors of the system can also be specified as follows: This is generally the case and L can be approximated accurate enough with just a few terms of the series. As an example, (2, 3)−entry of L, ℓ 23 = 0.2012, indicates that the production of a dollars worth of the service sector requires a total, direct and indirect, input of $0.2012 from the manufacturing sector. Similarly, (2, 3)−entries of A n indicate the production of a dollars worth of the service sector requires directly from the manufacturing sector at step n. All the other entries of the matrices can be interpreted similarly.
The gross outputs for the first step then become:
This computation indicates that to satisfy the final demands of $10 million worth of goods from the agriculture sector, $20 million from the manufacturing sector, and $30 million worth of services from the service sector, the manufacturing sector needs $2 million worth of goods from the agriculture sector, the service sector needs $6 million from the manufacturing sector, and the agriculture sector needs $3 million worth of service from the service sector. In order to satisfy this demand from the first step, the gross outputs for the second step should become:
All the subsequent steps can be calculated and interpreted similarly (see Fig. 2 ). The total flow distribution between the sectors of the system to supply the final demand can be calculated as follows: The proposed indirect requirements matrix for the system, however, is The diagonal entries of Q represent cycling transactions. Since there is one closed path in this system, S 1 → S 2 → S 3 → S 1 , the cycling flow at each sector along the path are the same (see Fig. 2 ). Consequently, the diagonal elements of Q are all equal to each other: q 11 = q 22 = q 33 = 0.0060. As seen from Fig. 2 , there is no indirect transactions from S 1 to S 2 , from S 2 to S 3 , from S 3 to S 1 . Therefore, the corresponding entries of Q are zero: q 12 = q 23 = q 31 = 0. The relationship q 12 = 0, for example, indicates that there is no goods and services in the agriculture sector that is destined to indirectly contribute to the final demand of the manufacturing sector. The existing indirect effects formulations E 1 to E 4 have nonzero values in these entries, since they cannot exclude the cycling effects at the sectors along the path (see Figs. 1 and 2) .
The indirect transactions matrix and the indirect gross outputs vector then become (3.10) 3.2. Case study. In this case study, the US input-output data for 15 years (1919, 1929, 1939, 1947, 1958, 1963, 1967, 1972, 1977, 1982, 1987, 1992, 1997, 2002, 2006) are briefly and partially analyzed using the aggregated input-output direct requirements tables provided by [15] . The sectors in these aggregated data sets for the US economy are as follows: Agriculture (1), Mining (2), Construction (3), Manufacturing (4), Trade, Transport & Utilities (5), Services (6), and Other (7). The numerical results for the indirect requirements matrices are presented in Tables 1-15 and these results are visualized in Fig. 3 and 4 .
As an example, an element in the indirect requirements matrix for the year 2006, τ i ik (2006), represents the value of goods and services bought by sector k for one dollar worth of its production indirectly through other sectors from sector i in 2006. There is only one zero element in all these indirect requirements matrices: τ i 37 (1919) = 0 in 1919 table, which indicates that there is no indirect transactions from the construction sector to the other sector (sector 7). Manufacturing seems to be the backbone of the US economy in terms of both direct and indirect transactions. Interestingly, however, although the manufacturing sector directly contributes more to itself, it indirectly contributes more to the construction sector.
The diagonal elements of the indirect requirements matrices measure the cycling transactions-the transactions initiated at and ends in the same sector after potentially being transmitted throughout the system. The diagonal elements of the indirect requirements matrices show that the cycling transactions are generally not significant for most years in the US economy, except for the manufacturing sector.
As seen from the graphs in Fig. 4 , the US industries indirectly rely increasingly more on the service sector. The indirect contributions of the service sector to the US economy is even more than the manufacturing sector in recent years. Figure 3 indicates that the service sector also directly supplies the other industries increasingly more but at a lower scale relative to other direct transactions. The increasing tendency in the US economy towards being services-oriented is also observed in some Bureau of Economic Analysis' (BEA) reports as well [21] . Contrary to this observation, the indirect contributions of the trade, transportation, and utilities sector to the other industries are gradually decreasing, after an increase from 1919 to 1939.
The linearity of the relationship between T i , x i and f given in Eqs. 2.10 implies that a change in the final demands at the amount of ∆ f = [1, 0, 0, 0, 0, 2, 0] T , in million dollars, in 2006 enforces the corresponding changes in the indirect transactions: These results indicate that a change in the final demand at the amount of $1 million of the agriculture sector and $2 million of the service sector results in the changes in the indirect transactions of the whole system as specified by ∆T i . For example, since ∆τ i 31 = 0.0045, ∆τ i 36 = 0.0029, and ∆x i 3 = 0.0074, the agriculture and service sectors end up in respectively buying $4500 and $2900 ($7400 in total) worth of products from the construction sector indirectly through products of the other sectors to supply the specified final demand. The maximum gross output to indirectly satisfy this demand is from the manufacturing sector at the amount of $303,000 (∆x i 4 = 0.3030), which shows the value of goods purchased by the agriculture and service sectors from the manufacturing sector indirectly through other sectors.
A detailed analysis of these results might elucidate various other aspects of the US economy. The accuracy of the interpretations would increase with the disaggregation of the industries.
DISCUSSION
The analysis of direct transactions is relatively straightforward even in the complex systems. The indirect transactions, however, is a complicated concept and long-standing open problem that has derived attention in various context in many scientific fields, such as ecology and network theory. In the context of economic systems, the indirect effects of a strike or shortage of some commodities on the economy, for example, is a critical information for both policy making and practical implications. There have been numerous attempts in the literature to formulate this concept for about a century. The system decomposition theory has recently defined and mathematically formulated the indirect flows between any two compartments in a compartmental system in the context of ecology [6] . Based on this theory, the indirect transactions between the sectors in a multi-sector economic system and the associated indirect requirements are explicitly formulated in the present manuscript for the first time in the literature.
The existing indirect effects are formulated by modifications of the total requirements matrix, L, at different levels. The idea has essentially been to remove some terms in the geometric series expansion of L to distinguish the direct and indirect effects. None of these modifications, however, seem to be accurately describing the indirect transactions. The methodological advancement brought by the system decomposition theory to this concept is comparatively discussed in the manuscript. In a nutshell, the flow segments are classified as direct or indirect based on the order of steps they contribute to the final demands in the production chain in the current formulations. In general, the flow segments contributing to the final demands in the first step are considered as direct effects, and all the subsequent steps are indirect. In the context of the system decomposition theory, however, the directness and indirectness are determined based on the nature of the interactions between any two sectors. While an immediate pairwise transaction between any two sectors is considered as a direct transaction, their interactions through other sectors are considered as indirect transactions (see Fig. 1 ).
The direct and total requirement matrices are formulated and used for impact analysis in national and regional economic systems. For example, BEA provides these requirement tables together with the annual US input-output data. Since the proposed methodology formulates the indirect transactions between any two sectors, it also enables the formulation of the indirect requirements matrix, unlike the current techniques. The indirect requirement matrix is introduced in the present article for more rigorous and detailed analyses of economic systems.
The accuracy and efficiency of the proposed indirect requirements and transactions in capturing the indirect interactions among the sectors of a hypothetical economic system model is demonstrated in the first case study. We then calculated the indirect requirements matrices for the US economy, using the aggregated inputoutput data for 15 years separately. The numerical results for these real data sets and their graphical representations are presented in the second case study.
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Review 1919, 1929, 1939, 1947, 1958, 1963, 1967, 1972, 1977, 1982, 1987, 1992, 1997, 2002, 2006) are calculated through the proposed methodology and presented in Tables 1-15 in this Appendix. These numerical results are visualized in Fig. 3 and 4 . The aggregated input-output data sets (Z) and direct requirement matrices (A) for the US economy are obtained from the tables in [15] . The sectors in these aggregated data sets are: Agriculture (1), Mining (2), Construction (3), Manufacturing (4), Trade, Transport & Utilities (5), Services (6), and Other (7). 
